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Abstract
Let (Xn, dn), n ∈ N be a sequence of pseudo-metric spaces, p ≥ 1. For
x, y ∈ ∏n∈NXn, let (x, y) ∈ E((Xn)n∈N; p) ⇔ ∑n∈N dn(x(n), y(n))p < +∞.
For Borel reducibility between equivalence relations E((Xn)n∈N; p), we show
it is closely related to finitely Ho¨lder(α) embeddability between pseudo-
metric spaces.
Keywords: Borel reducibility, Ho¨lder(α) embeddability, finitely Ho¨lder(α)
embeddability
1. Introduction
A topological space is called a Polish space if it is homeomorphic to a
separable complete metric space. Let X, Y be Polish spaces and E, F equiv-
alence relations on X, Y respectively. A Borel reduction from E to F is a
Borel function θ : X → Y such that
(x, y) ∈ E ⇐⇒ (θ(x), θ(y)) ∈ F
for all x, y ∈ X . We say that E is Borel reducible to F , denoted E ≤B F ,
if there is a Borel reduction from E to F . If E ≤B F and F ≤B E, we say
that E and F are Borel bireducible and denote E ∼B F . We refer to [1] and
[5] for background on Borel reducibility.
It was proved by R. Dougherty and G. Hjorth [4] that, for p, q ≥ 1,
R
N/ℓp ≤B RN/ℓq ⇐⇒ p ≤ q.
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The equivalence relation R/ℓp was extended to so called ℓp-like equivalence re-
lations in [3]. Let (Xn, dn), n ∈ N be a sequence of pseudo-metric spaces, p ≥
1. For x, y ∈ ∏n∈NXn, (x, y) ∈ E((Xn)n∈N; p) ⇔ ∑n∈N dn(x(n), y(n))p <
+∞.
A special case concerning separable Banach spaces was investigated in
[2]. It was showed in [2] that Borel reducibility between this kind of equiv-
alence relations is related to the existence of Ho¨lder(α) embeddings. In this
paper, we introduce the notion of C-finitely Ho¨lder(α) embeddability, and
generalize the connection between Borel reducibility and finitely Ho¨lder(α)
embeddability to a rather general type of metric spaces.
2. ℓp-like equivalence relations on pseudo-metric spaces
Definition 2.1. Let (Xn, dn), n ∈ N be a sequence of pseudo-metric spaces,
p ≥ 1. We define an equivalence relation E((Xn, dn)n∈N; p) on
∏
n∈NXn by
(x, y) ∈ E((Xn, dn)n∈N; p) ⇐⇒
∑
n∈N
dn(x(n), y(n))
p < +∞
for x, y ∈∏n∈NXn. We call it an ℓp-like equivalence relation.
If (Xn, dn) = (X, d) for every n ∈ N, we write E((X, d); p) = E((Xn, dn)n∈N; p)
for the sake of brevity. If there is no danger of confusion, we simply write
E((Xn)n∈N; p) and E(X ; p) instead of E((Xn, dn)n∈N; p) and E((X, d); p).
Definition 2.2. If X is a Polish space, d is a Borel pseudo-metric on X,
we say (X, d) is a Borel pseudo-metric space.
Let (Yn, δn), n ∈ N be a sequence of pseudo-metric spaces, y∗ ∈
∏
n∈N Yn.
For q ≥ 1, we denote by ℓq((Yn)n∈N, y∗) the pseudo-metric space whose un-
derlying space is{
y ∈
∏
n∈N
Yn :
∑
n∈N
δn(y(n), y
∗(n))q < +∞
}
,
with the pseudo-metric
δq(x, y) =
(∑
n∈N
δn(x(n), y(n))
q
) 1
q
.
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Theorem 2.3. Let (Y, δ) be a Borel pseudo-metric space, Y0 ⊆ Y1 ⊆ Y2 ⊆
· · · a sequence of Borel subsets of Y , and let (Xn, dn), n ∈ N be a sequence
of Borel pseudo-metric spaces, p, q ∈ [1,+∞). If there are A,C,D > 0, a
sequence of Borel maps Tn : Xn → ℓq((Yn)n∈N, y∗) for some y∗ ∈
∏
n∈N Yn
and two sequences of non-negative real numbers εn, ηn, n ∈ N such that
(1)
∑
n∈N ε
p
n < +∞,
∑
n∈N η
q
n < +∞;
(2) dn(u, v) < εn ⇒ δq(Tn(u), Tn(v)) < ηn;
(3) dn(u, v) ≥ C ⇒ δq(Tn(u), Tn(v)) ≥ D;
(4) εn ≤ dn(u, v) < C ⇒ A−1dn(u, v)
p
q ≤ δq(Tn(u), Tn(v)) ≤ Adn(u, v)
p
q .
Then we have
E((Xn)n∈N; p) ≤B E((Yn)n∈N; q).
Proof. Fix a bijection 〈·, ·〉 : N2 → N such that m ≤ 〈n,m〉 for each
n,m ∈ N. Note that Tn(u)(m) ∈ Ym ⊆ Y〈n,m〉 for every u ∈ Xn. We define
θ :
∏
n∈NXn →
∏
k∈N Yk by
θ(x)(〈n,m〉) = Tn(x(n))(m)
for x ∈ ∏n∈NXn and n,m ∈ N. It is easy to see that θ is Borel. By the
definition we have∑
n,m∈N δ(θ(x)(〈n,m〉), θ(y)(〈n,m〉))q
=
∑
n∈N
∑
m∈N δ(Tn(x(n))(m), Tn(y(n))(m))
q
=
∑
n∈N δq(Tn(x(n)), Tn(y(n)))
q .
For x, y ∈∏n∈NXn, we split N into three sets
I1 = {n ∈ N : dn(x(n), y(n)) < εn},
I2 = {n ∈ N : dn(x(n), y(n)) ≥ C},
I3 = {n ∈ N : εn ≤ dn(x(n), y(n)) < C}.
From (2) we have∑
n∈I1
dn(x(n), y(n))
p <
∑
n∈I1
εpn ≤
∑
n∈N
εpn < +∞,
∑
n∈I1
δq(Tn(x(n)), Tn(y(n)))
q <
∑
n∈I1
ηqn ≤
∑
n∈N
ηqn < +∞;
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denote |I2| the cardinal of I2, from (3) we have∑
n∈I2
dn(x(n), y(n))
p ≥ Cp|I2|,
∑
n∈I2
δq(Tn(x(n)), Tn(y(n)))
q ≥ Dq|I2|;
and from (4) we have
A−q
∑
n∈I3
dn(x(n), y(n))
p ≤
∑
n∈I3
δq(Tn(x(n)), Tn(y(n)))
q ≤ Aq
∑
n∈I3
dn(x(n), y(n))
p.
Therefore,
(x, y) ∈ E((Xn)n∈N; p)
⇐⇒ ∑n∈N dn(x(n), y(n))p < +∞
⇐⇒ |I2| <∞,
∑
n∈I3
dn(x(n), y(n))
p < +∞
⇐⇒ |I2| <∞,
∑
n∈I3
δq(Tn(x(n)), Tn(y(n)))
q < +∞
⇐⇒ ∑n∈N δq(Tn(x(n)), Tn(y(n)))q < +∞
⇐⇒ ∑n,m∈N δ(θ(x)(〈n,m〉), θ(y)(〈n,m〉))q < +∞
⇐⇒ (θ(x), θ(y)) ∈ E((Yk)k∈N; q).
It follows that E((Xn)n∈N; p) ≤B E((Yn)n∈N; q). 
Corollary 2.4. If all (Xn, dn)’s are separable, then the sequence ηn, n ∈ N
and clause (2) in Theorem 2.3 can be omitted.
Proof. By Zorn’s lemma, we can find a set Sn ⊆ Xn for each n such that
(i) ∀r, s ∈ Sn(r 6= s→ dn(r, s) ≥ εn);
(ii) ∀u ∈ Xn∃s ∈ Sn(dn(u, s) < εn).
Since Xn is separable, Sn is countable. So we can enumerate Sn by (s
n
m)m∈N.
Define T ′n : Xn → ℓq((Yn)n∈N, y∗) by T ′n(u) = Tn(snm(u)) where m(u) is the
least m such that dn(u, s
n
m) < εn. It is easy to see that each T
′
n is Borel.
Without loss of generality, we may assume that 5εn < C. Now denote
ε′n = 3εn, η
′
n = A(5εn)
p
q andA′ = 3
p
qA,C ′ = C−2εn, D′ = min
{
D,A−1
(
C
5
) p
q
}
.
We check that ε′n, η
′
n, A
′, C ′ and D′ meet clauses (1)–(4) in Theorem 2.3 as
follows:
(1)
∑
n∈N(ε
′
n)
p = 3p
∑
n∈N ε
p
n < +∞,
∑
n∈N(η
′
n)
q = 5pAq
∑
n∈N ε
p
n < +∞.
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(2) If dn(u, v) < ε
′
n, then dn(s
n
m(u), s
n
m(v)) < 5εn < C. Note that s
n
m(u) =
snm(v) or dn(s
n
m(u), s
n
m(v)) ≥ εn. So by clause (4) in Theorem 2.3, we have
δq(T
′
n(u), T
′
n(v)) = δq(Tn(s
n
m(u)), Tn(s
n
m(v))) ≤ Adn(snm(u), snm(v))
p
q < η′n.
(3) If dn(u, v) ≥ C ′, then dn(snm(u), snm(v)) ≥ C − 4εn ≥ εn. For εn ≤
dn(s
n
m(u), s
n
m(v)) < C, we have
δq(T
′
n(u), T
′
n(v)) = δq(Tn(s
n
m(u)), Tn(s
n
m(v)))
≥ A−1dn(snm(u), snm(v))
p
q ≥ A−1(C − 4εn)
p
q
≥ A−1 (C
5
) p
q ≥ D′.
And for dn(s
n
m(u), s
n
m(v)) ≥ C, we have
δq(T
′
n(u), T
′
n(v)) = δq(Tn(s
n
m(u)), Tn(s
n
m(v))) ≥ D ≥ D′.
(4) If ε′n ≤ dn(u, v) < C ′, then εn ≤ dn(snm(u), snm(v)) < C and
1
3
dn(u, v) ≤ dn(u, v)− 2εn < dn(snm(u), snm(v)) < dn(u, v) + 2εn ≤ 3dn(u, v).
Since
A−1dn(s
n
m(u), s
n
m(v))
p
q ≤ δq(Tn(snm(u)), Tn(snm(v))) ≤ Adn(snm(u), snm(v))
p
q ,
it follows that
(A′)−1dn(u, v)
p
q ≤ δq(T ′n(u), T ′n(v)) ≤ A′dn(u, v)
p
q .

3. On separable pseudo-metric spaces
For the rest of this paper, we focus on such E((Xn, dn)n∈N; p) that all
(Xn, dn)’s are separable Borel pseudo-metric spaces.
Let Sn = {snm : m ∈ N} be a countable dense subset of Xn. We may
assume that dn(s
n
m, s
n
k) > 0 for m 6= k, i.e. (Sn, dn) is a countable met-
ric space. For u ∈ Xn, let mn(u) = min{m : dn(u, snm) < 2−n} and ϑ :∏
n∈NXn →
∏
n∈NDn as ϑ(x)(n) = s
n
mn(u)
. Since
∑
n∈N dn(x(n), ϑ(x)(n))
p <
5
∑
n∈N 2
−np < +∞, we have (x, ϑ(x)) ∈ E((Xn)n∈N; p). Thus ϑ is a Borel re-
duction ofE((Xn)n∈N; p) toE((Sn)n∈N; p). So E((Xn)n∈N; p) ∼B E((Sn)n∈N; p).
Now let (Sn, dn) be the completion of (Sn, dn). Since (Sn, dn) is a Polish space,
by the same arguments, we have
E((Sn)n∈N; p) ∼B E((Sn)n∈N; p) ∼B E((Xn)n∈N; p).
Therefore, from now on, we may assume that all (Xn, dn)’s are separable
complete metric space.
Definition 3.1. Let (X, d) be a separable complete metric space, (Fn)n∈N a
sequence of finite subsets of X. If F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · · and
⋃
n∈N Fn is
dense in X, then we denote
F (X ; p) = E((Fn)n∈N; p).
The following lemma shows that, under Borel bireducibility, F (X ; p) is
independent to the choice of (Fn)n∈N.
Lemma 3.2. Let (X, d) be a separable complete metric space, and let (Fn)n∈N
and (F ′n)n∈N be two sequences of finite subsets of X satisfying that
F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · · , F ′0 ⊆ F ′1 ⊆ · · · ⊆ F ′n ⊆ · · · ,
and both
⋃
n∈N Fn and
⋃
n∈N F
′
n are dense in X. Then for each p ≥ 1we have
E((Fn)n∈N; p) ∼B E((F ′n)n∈N; p).
Proof. It will suffice to show that E((Fn)n∈N; p) ≤B E((F ′n)n∈N; p). For
k ∈ N, let γk = min{d(u, v) : u, v ∈ Fk, u 6= v}. Note that
⋃
n∈N F
′
n is dense in
X . For u ∈ Fk, we can find a Tk(u) ∈
⋃
n∈N F
′
n such that d(u, Tk(u)) < γk/4.
Then for distinct u, v ∈ Fk we have
1
2
d(u, v) ≤ d(u, v)− γk/2 < d(Tk(u), Tk(v)) < d(u, v) + γk/2 ≤ 2d(u, v).
Since Fk is finite, there is nk such that Tk(u) ∈ F ′nk for each u ∈ Fk. We may
assume that (nk)k∈N is strictly increasing. Fix a point u0 ∈ F ′0 ⊆ F ′n. We
define θ :
∏
n∈N Fn →
∏
n∈N F
′
n by
θ(x)(n) =
{
Tk(x(k)), n = nk
u0, otherwise.
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Then for x, y ∈ ∏n∈N Fn we have
1
2p
∑
k∈N
d(x(k), y(k))p ≤
∑
n∈N
d(θ(x)(n), θ(y)(n))p ≤ 2p
∑
k∈N
d(x(k), y(k))p,
It follows that θ is a Borel reduction of E((Fn)n∈N; p) to E((F
′
n)n∈N; p). 
Remark 3.3. We can see that E(X ; p) ∼B F (X ; p) when X is compact.
But whether it is always true for every separable complete metric space? We
do not know the answer.
Definition 3.4. For two metric spaces (X, d), (X ′, d′) and α > 0. We say
that X Ho¨lder(α) embeds into X ′ if there exist A > 0 and T : X → X ′ such
that, for u, v ∈ F ,
A−1d(u, v)α ≤ d′(T (u), T (v)) ≤ Ad(u, v)α.
Theorem 2.3 gives the following result.
Remark 3.5. Let X, Y be two separable complete metric spaces, p, q ∈ [1,+∞).
IfX Ho¨lder(p
q
) embeds into ℓq(Y, y
∗) for some y∗ ∈ Y N, then we have E(X ; p) ≤B
E(Y ; q).
In next section, we present a necessary condition of E(X ; p) ≤B E(Y ; q)
which will be named finitely Ho¨lder(p
q
) embeddability.
4. Finitely Ho¨lder(α) embeddability
A weak version of the following lemma is due to R. Dougherty and G.
Hjorth [4]. For self-contain reason, we present a proof for it.
Lemma 4.1. Let (Yn, δn), n ∈ N be a a sequence of separable complete met-
ric space, p, q ∈ [1,+∞), and let (Zn, dn), n ∈ N be a sequence of finite
metric spaces. Assume that E((Zn)n∈N; p) ≤B E((Yn)n∈N; q). Then there ex-
ist strictly increasing sequences of natural numbers (bj)j∈N, (lj)j∈N and Tj :
Zbj →
∏lj+1−1
n=lj
Yn such that, for x, y ∈
∏
j∈N Zbj , we have
(x, y) ∈ E((Zbj , dbj)j∈N; p) ⇐⇒
∑
j∈N
δq(Tj(x(j)), Tj(y(j)))
q < +∞,
where δq(r, s) = (
∑lj+1−1
n=lj
δn(r(n), s(n))
q)
1
q for r, s ∈∏lj+1−1n=lj Yn.
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Proof. The proof is modified from the proof of [4] Theorem 2.2, Claim
(i)–(iii).
Denote Z =
∏
n∈N Zn. Assume that θ is a Borel reduction ofE((Zn)n∈N; p)
to E((Yn)n∈N; q). For each finite sequence t we denote l(t) the length of t; if
t ∈∏i<l(t) Zi, let Nt = {z ∈ Z : z(i) = t(i) (i < l(t))}.
Claim (i). For j, k ∈ N, there exist l ∈ N and s∗ ∈ ∏k+l(s∗)−1i=k Zi and a
comeager set D ⊆ Z such that, for all x, xˆ ∈ D, if we have x = rs∗y and
xˆ = rˆs∗y for some r, rˆ ∈∏i<k Zi and y ∈∏i≥k+l(s∗) Zi, then∑
n≥l
δn(θ(x)(n), θ(xˆ)(n))
q < 2−j .
Proof. For l ∈ N, we define a function Fl : Z → R by
Fl(x) = max
{∑
n≥l
δn(θ(z)(n), θ(zˆ)(n))
q : z(i) = zˆ(i) = x(i) (i ≥ k)
}
.
For each x, there are only finitely many pairs z, zˆ satisfying z(i) = zˆ(i) =
x(i) (i ≥ k). For each such pair we have (z, zˆ) ∈ E((Zn)n∈N; p), so (θ(z), θ(zˆ)) ∈
E((Yn)n∈N; q). Thus liml→∞
∑
n≥l δn(θ(z)(n), θ(zˆ)(n))
q = 0. Hence Fl(x) <
+∞ for all l and liml→∞ Fl(x) = 0. Therefore, by the Baire category theo-
rem, there exists an l such that {x : Fl(x) < 2−j} is not meager. By F is
Borel, this set has the property of Baire, so there is an open set O 6= ∅ on
which it is relatively comeager.
Find an Nt ⊆ O for some finite sequence t with l(t) ≥ k. Let t = r∗s∗
where l(r∗) = k. Since Fl(x) does not depend on the first k coordinates
of x, we have {x : Fl(x) < 2−j} is also relatively comeager in Nrs∗ for all
r ∈ ∏i<k Zi. Let D be a comeager set such that Fl(x) < 2−j whenever
x ∈ D ∩Nrs∗ for any r of length k. Now the conclusion of the claim follows
from the definition of Fl. Claim (i) 
By [6] Theorem (5.38), there is a dense Gδ set C ⊆ Z such that θ ↾ C is
continuous.
Claim (ii). For j, k, l ∈ N, there exists a finite sequence s∗∗ ∈∏k+l(s∗∗)−1i=k Zi
such that, for all x, xˆ ∈ C, if we have x = rs∗∗y and xˆ = rs∗∗yˆ for some
r ∈∏i<k Zi and y, yˆ ∈∏i≥k+l(s∗∗) Zi, then∑
n<l
δn(θ(x)(n), θ(xˆ)(n))
q < 2−j .
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Furthermore, if G is a given dense open subset of Z, then s∗∗ can be
chosen such that Nrs∗∗ ⊆ G for all r ∈
∏
i<k Zi.
Proof. Since
∏
i<k Zi is a finite set, we may enumerate its elements as
r0, r1, · · · , rM−1. We construct finite sequences t0, t1, · · · , tM as follows.
Let t0 = ∅. Suppose that m < M and we have constructed a finite se-
quence tm ∈
∏k+l(tm)−1
i=k Zi. The basic open setNrmtm must meet the comeager
set C, so we can pick a w ∈ C ∩ Nrmtm . Since θ is continuous on C and δn
is continuous on Y 2n , we can find a neighborhood O of w such that, for all
x, xˆ ∈ C∩O,∑n<l δn(θ(x)(n), θ(xˆ)(n))q < 2−j. Find an Nrmt′m ⊆ Nrmtm ∩O,
then tm ⊆ t′m. Since G is open dense, we can further extend t′m to get tm+1
such that Nrmtm+1 ⊆ G. Once the sequences tm (m ≤ M) are constructed,
s∗∗ = tM fulfills the requirements. Claim (ii) 
We now repeatedly apply Claims (i) and (ii) to define natural numbers
b0 < b1 < b2 < · · · and l0 < l1 < l2 < · · ·, finite sequences (sj)j∈N and dense
open sets Dji ⊆ Z (i, j ∈ N) as follows.
Let b0 = l0 = 0. Suppose we have constructed bj , lj, D
j′
i (j
′ < j).
Applying Claim (i) for this j with k = bj + 1, we get lj+1, a finite se-
quence s∗j and a comeager set D
j satisfying the conclusion of Claim (i). Let
Dj0 ⊇ Dj1 ⊇ Dj2 ⊇ · · · be dense open sets of Z such that
⋂
i∈ND
j
i ⊆ Dj ∩ C.
Now apply Claim (ii) for j with k = bj+1+ l(s
∗
j), l = lj+1 and G =
⋂
j′<j D
j′
j
to get s∗∗j . We set sj = s
∗
js
∗∗
j and bj+1 = bj + l(sj) + 1.
Denote Z ′ =
∏
j∈N Zbj and define h : Z
′ → Z by
h(x) = 〈x(0)〉s0〈x(1)〉s1〈x(2)〉s2 · · · .
Since sj = s
∗
js
∗∗
j , h(x) has the form rs
∗
jy where l(r) = bj + 1, and also has
the form rs∗∗j y where l(r) = bj + l(s
∗) + 1. Therefore, Claim (ii) for s∗∗j gives
h(x) ∈ G = ⋂j′<j Dj′j . Hence, for any j, we have h(x) ∈ Dji for i > j, so
h(x) ∈ Dj ∩ C. Therefore, Claims (i) and (ii) imply that, for any x, xˆ ∈ Z ′:
(1) if x(bi) = xˆ(bi) (i > j), then
∑
n≥lj+1
δn(θ(h(x))(n), θ(h(xˆ))(n))
q < 2−j ;
(2) if x(bi) = xˆ(bi) (i ≤ j), then
∑
n<lj+1
δn(θ(h(x))(n), θ(h(xˆ))(n))
q < 2−j .
Fix a point u0 ∈ Z0 ⊆ Zbi. For j ∈ N we define Tj : Zbj →
∏lj+1−1
n=lj
Yn by
Tj(w) = θ(h(〈u0, · · · , u0, w, u0, u0, · · ·〉)) ↾ [lj , lj+1)
with j u0’s before v. Let θ
′ : Z →∏n∈N Yn,
θ′(x) = T0(x(0))T1(x(1))T2(x(2)) · · · .
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Next claim shows that θ′ is a Borel reduction ofE((Zbj , dbj)j∈N; p) toE((Yn)n∈N; q).
Claim (iii). For all x, xˆ ∈∏j∈N Zbj , we have
(x, xˆ) ∈ E((Zbj , dbj )j∈N; p) ⇐⇒ (θ′(x), θ′(xˆ)) ∈ E((Yn)n∈N; q).
Proof. Note that
(x, xˆ) ∈ E((Zbj , dbj)j∈N; p) ⇐⇒ (h(x), h(xˆ)) ∈ E((Zn, dn)n∈N; p)
⇐⇒ (θ(h(x)), θ(h(xˆ))) ∈ E((Yn)n∈N; q).
It will suffice to show that (θ(h(x)), θ′(x)) ∈ E((Yn)n∈N; q) for any x ∈ Z ′.
For any x ∈ Z ′ and j ∈ N, define ej(x), e′j(x) ∈ Z ′ by
ej(x)(i) =
{
x(i), i = j
u0, i 6= j; e
′
j(x)(i) =
{
x(i), i ≤ j
u0, i > j.
By (1) for j − 1 and (2), we have∑
n≥lj
δn(θ(h(ej(x)))(n), θ(h(e
′
j(x)))(n))
q < 2−(j−1),
∑
n<lj+1
δn(θ(h(x))(n), θ(h(e
′
j(x)))(n))
q < 2−j .
Thus we have∑lj+1−1
n=lj
δn(θ(h(x))(n), θ(h(ej(x)))(n))
q
≤ ∑lj+1−1n=lj [δn(θ(h(x))(n), θ(h(e′j(x)))(n)) + δn(θ(h(ej(x)))(n), θ(h(e′j(x)))(n))]q
≤ 2q−1
[∑lj+1−1
n=lj
δn(θ(h(x))(n), θ(h(e
′
j(x)))(n))
q
+
∑lj+1−1
n=lj
δn(θ(h(ej(x)))(n), θ(h(e
′
j(x)))(n))
q
]
≤ 2q−1
[∑
n<lj+1
δn(θ(h(x))(n), θ(h(e
′
j(x)))(n))
q
+
∑
n≥lj
δn(θ(h(ej(x)))(n), θ(h(e
′
j(x)))(n))
q
]
< 2q−1 · 3 · 2−j .
We can see that θ′(x) ↾ [lj , lj+1) = Tj(x(j)) = θ(h(ej(x))) ↾ [lj , lj+1) for each
j ∈ N. Therefore,∑
n∈N δn(θ(h(x))(n), θ
′(x)(n))q
=
∑
j∈N
∑lj+1−1
n=lj
δn(θ(h(x))(n), θ
′(x)(n))q
=
∑
j∈N
∑lj+1−1
n=lj
δn(θ(h(x))(n), θ(h(ej(x)))(n))
q
<
∑
j∈N 2
q−1 · 3 · 2−j < +∞,
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as desired. Claim (iii) 
Note that
(θ′(x), θ′(xˆ)) ∈ E((Yn)n∈N; q) ⇐⇒
∑
j∈N
∑lj+1−1
n=lj
δn(θ
′(x)(n), θ′(x)(n))q < +∞
⇐⇒ ∑j∈N δq(Tj(x(j)), Tj(y(j)))q < +∞.
This completes the proof. 
Let (X, d) be a metric space and C > 0. We consider the following
condition:
(link(C)) For ε > 0, there exists N ≥ 1 such that, for any u, v ∈ X with
d(u, v) < C, we can find ri ∈ X, i = 0, 1, · · · , N with r0 = u, rN = v and
d(ri−1, ri) < ε for each i ≥ 1.
Let (X, d) and (Yn, δn), n ∈ N be separable complete metric spaces, p, q ∈
[1,+∞). Assume that
(A1) X satisfies (link(C)) for some C > 0; and
(A2) F (X ; p) ≤B E((Yn)n∈N; q).
Fix a sequence of finite subsets Fn ⊆ X, n ∈ N such that
F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · ·
and
⋃
n∈N Fn is dense in X .
Since (link(C)) holds, for l ∈ N, there exists N(l) ≥ 1 such that, for
any u, v ∈ X with d(u, v) < C, we can find rli(u, v) ∈ X, i = 0, 1, · · · , N(l)
with rl0(u, v) = u, r
l
N(l)(u, v) = v and d(r
l
i−1(u, v), r
l
i(u, v)) < 2
−l for i =
1, · · · , N(l). We denote
Zn = {rli(u, v) : u, v ∈ Fn, d(u, v) < C, l ≤ n, i = 0, 1, · · · , N(l)}.
Note that E((Zn); p) ∼B F (X ; p) ≤B E((Yn)n∈N; q). Since Zn ⊆ X is a
sequence of finite metric spaces, we can find (bj)j∈N, (lj)j∈N and Tj : Zbj →∏lj+1−1
n=lj
Yn as in Lemma 4.1. Then we have the following lemmas.
Lemma 4.2. For any C ′ > 0, there exists a D > 0 such that, for sufficiently
large j and u, v ∈ Fbj , if d(u, v) ≥ C ′, then δq(Tj(u), Tj(v)) ≥ D.
Proof. Assume for contradiction that, there exists a strictly increasing
sequence of natural numbers (jk)k∈N such that there are uk, vk ∈ Fbjk with
d(uk, vk) ≥ C ′ and δq(Tjk(uk), Tjk(vk)) < 2−k.
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Now we select x, y ∈∏j∈N Zbj such that{
x(j) = uk, y(j) = vk, j = jk,
x(j) = y(j), otherwise.
Then we have∑
j∈N
d(x(j), y(j))p =
∑
k∈N
d(uk, vk)
p ≥
∑
k∈N
(C ′)p = +∞,
so (x, y) /∈ E((Zbj )j∈N; p). On the other hand, we have∑
j∈N δq(Tj(x(j)), Tj(y(j)))
q =
∑
k∈N δq(Tjk(uk), Tjk(vk))
q
<
∑
k∈N 2
−kq
< +∞,
contradicting Lemma 4.1! 
Lemma 4.3. There exists an m ∈ N such that ∀k∃N∀j > N , for u, v ∈ Fbj ,
if k−1 ≤ d(u, v) < C, then we have
2−md(u, v)
p
q ≤ δq(Tj(u), Tj(v)) ≤ 2md(u, v)
p
q .
Proof. Assume for contradiction that, for every m, ∃km∃∞j∃uj, vj ∈ Fbj
such that k−1m ≤ d(uj, vj) < C but either
2−md(uj, vj)
p
q > δq(Tj(uj), Tj(vj))
or
δq(Tj(uj), Tj(vj)) > 2
md(uj, vj)
p
q .
We define two subsets I1, I2 ⊆ N. For m ∈ N, we put m ∈ I1 iff
∃km∃∞j∃uj, vj ∈ Fbj satisfying that k−1m ≤ d(uj, vj) < C and
2−md(uj, vj)
p
q > δq(Tj(uj), Tj(vj));
and m ∈ I2 iff ∃km∃∞j∃uj, vj ∈ Fbj satisfying that k−1m ≤ d(uj, vj) < C and
δq(Tj(uj), Tj(vj)) > 2
md(uj, vj)
p
q .
From the assumption, we can see that I1 ∪ I2 = N. Now we consider the
following two cases.
Case 1. |I1| = ∞. Select a finite set Jm ⊆ N for every m ∈ I1 and
uj, vj ∈ Fbj for j ∈ Jm satisfying that
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(i) for j ∈ Jm, we have 2−md(uj, vj)
p
q > δq(Tj(uj), Tj(vj));
(ii) Cp ≤∑j∈Jm d(uj, vj)p < 2Cp;
(iii) if m1 < m2, then max J
m1 < min Jm2 .
Now we select x, y ∈∏j∈N Zbj such that{
x(j) = uj, y(j) = vj, j ∈ Jm, m ∈ I1,
x(j) = y(j), otherwise.
Then we have∑
j∈N
d(x(j), y(j))p =
∑
m∈I1
∑
j∈Jm
d(uj, vj)
p ≥
∑
m∈I1
Cp = +∞,
so (x, y) /∈ E((Zbj )j∈N; p). On the other hand, we have∑
j∈N δq(Tj(x(j)), Tj(y(j)))
q =
∑
m∈I1
∑
j∈Jm δq(Tj(uj), Tj(vj))
q
<
∑
m∈I1
∑
j∈Jm 2
−mqd(uj, vj)
p
< 2Cp
∑
m∈I1
(2−q)
m
< +∞,
contradicting Lemma 4.1!
Case 2. |I2| = ∞. We can find a strictly increasing sequence of natural
numbers ml ∈ I2, l ∈ N such that ml ≥ pl2q and 2ml ≥ N(l) for each l.
We define two subsets L1, L2 ⊆ N. For l ∈ N, we put l ∈ L1 iff
∃∞j∃uj, vj ∈ Fbj satisfying that k−1ml ≤ d(uj, vj) < (
√
2)−l and
δq(Tj(uj), Tj(vj)) > 2
mld(uj, vj)
p
q ;
and l ∈ L2 iff ∃∞j∃uj , vj ∈ Fbj satisfying that (
√
2)−l ≤ d(uj, vj) < C and
δq(Tj(uj), Tj(vj)) > 2
mld(uj, vj)
p
q .
Since each ml ∈ I2, we have L1 ∪ L2 = N. We consider two subcases.
Subcase 2.1. |L1| = ∞. Select a finite set K l1 ⊆ N for every l ∈ L1 and
uj, vj ∈ Fbj for j ∈ K l1 satisfying that
(i) for j ∈ K l1, we have δq(Tj(uj), Tj(vj)) > 2mld(uj, vj)
p
q ;
(ii) (
√
2)−pl ≤∑j∈Kl
1
d(uj, vj)
p < 2(
√
2)−pl;
(iii) if l1 < l2, then maxK
l1
1 < minK
l2
1 .
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Now we select x, y ∈∏j∈N Zbj such that{
x(j) = uj, y(j) = vj, j ∈ K l1, l ∈ L1,
x(j) = y(j), otherwise.
Then we have∑
j∈N
d(x(j), y(j))p =
∑
l∈L1
∑
j∈Kl
1
d(uj, vj)
p ≤ 2
∑
l∈L1
(
√
2)−pl < +∞,
so (x, y) ∈ E((Zbj )j∈N; p). On the other hand, since ml ≥ pl2q , we have∑
j∈N δq(Tj(x(j)), Tj(y(j)))
q =
∑
l∈L1
∑
j∈Kl
1
δq(Tj(uj), Tj(vj))
q
>
∑
l∈L1
∑
j∈Kl
1
2qmld(uj, vj)
p
≥∑l∈L1(√2)2qml−pl
= +∞,
contradicting Lemma 4.1!
Subcase 2.2 |L2| = ∞. Select a finite set K l2 ⊆ N for each l ∈ L2 and
uj, vj ∈ Fbj for j ∈ K l2 satisfying that
(i) for j ∈ K l2, we have (
√
2)−l ≤ d(uj, vj) < C and δq(Tj(uj), Tj(vj)) >
2mld(uj, vj)
p
q ;
(ii) Cp ≤∑j∈Kl
2
d(uj, vj)
p < 2Cp;
(iii) if l1 < l2, then maxK
l1
2 < minK
l2
2 ;
(iv) for j ∈ K l2, we have l ≤ bj .
For l ∈ L1 and j ∈ K l2, since d(uj, vj) < C and l ≤ bj , by the definition
of Zbj we have
rli(uj, vj) ∈ Zbj (i = 0, 1, · · · , N(l)).
Since rl0(uj, vj) = uj, r
l
N(l)(uj, vj) = vj, the triangle inequality gives∑
1≤i≤N(l)
δq(Tj(r
l
i−1(uj, vj)), Tj(r
l
i(uj, vj))) ≥ δq(Tj(uj), Tj(vj)),
thus there is an i(j) such that
δq(Tj(r
l
i(j)−1(uj, vj)), Tj(r
l
i(j)(uj, vj))) ≥ N(l)−1δq(Tj(uj), Tj(vj)).
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Now denote rj = r
l
i(j)−1(uj, vj), sj = r
l
i(j)(uj, vj). We select x, y ∈
∏
j∈N Zbj
such that {
x(j) = rj, y(j) = sj , j ∈ K l2, l ≥ 1,
x(j) = y(j), otherwise.
Note that d(rj, sj) < 2
−l ≤ (√2)−ld(uj, vj), we have∑
j∈N d(x(j), y(j))
p =
∑
l∈L2
∑
j∈Kl
2
d(rj, sj)
p
<
∑
l∈L2
∑
j∈Kl
2
(
√
2)−pld(uj, vj)
p
< 2Cp
∑
l∈L2
(
√
2)−pl
< +∞,
so (x, y) ∈ E((Zbj )j∈N, p). On the other hand, since 2ml ≥ N(l) we have∑
j∈N δq(Tj(x(j)), Tj(y(j)))
q =
∑
l∈L2
∑
j∈Kl
2
δq(Tj(rj), Tj(sj))
q
≥∑l∈L2∑j∈Kl2 N(l)−qδq(Tj(uj), Tj(vj))q
>
∑
l∈L2
∑
j∈Kl
2
N(l)−q2qmld(uj, vj)
p
≥∑l∈L2 Cp ( 2mlN(l))q
= +∞,
contradicting Lemma 4.1 again! 
Definition 4.4. For two metric spaces (X, d), (X ′, d′) and C, α > 0. We
say that X can C-finitely Ho¨lder(α) embed into X ′ if there exists A,D > 0
such that for every finite subset F ⊆ X, there is TF : F → X ′ satisfying, for
u, v ∈ F ,
(1) d(u, v) ≥ C ⇒ d′(TF (u), TF (v)) ≥ D;
(2) d(u, v) < C ⇒ A−1d(u, v)α ≤ d′(TF (u), TF (v)) ≤ Ad(u, v)α.
While α = 1, we also say that X can C-finitely Lipschitz embed into X ′.
Theorem 4.5. Let (X, d) and (Yn, δn), n ∈ N be separable complete met-
ric spaces, p, q ∈ [1,+∞). If X satisfies (link(C)) for some C > 0, and
F (X ; p) ≤B E((Yn)n∈N; q), then X can C-finitely Ho¨lder(pq ) embed into ℓq((Yn)n∈N, y∗)
for any y∗ ∈∏n∈N Yn.
Proof. Fix a sequence of finite subsets Fn ⊆ X, n ∈ N such that
F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · ·
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and
⋃
n∈N Fn is dense in X . Let (bj)j∈N, (lj)j∈N and Tj : Fbj →
∏lj+1−1
n=lj
Yn be
from the remarks before Lemma 4.2. For convenience, we identify (
∏lj+1−1
n=lj
Yn, δq)
with a subspace of ℓq((Yn)n∈N, y
∗). Then Tj becomes a map Fbj → ℓq((Yn)n∈N, y∗).
Let us consider an arbitrary finite subset F ⊆ X . We can find k ∈ N
such that
(a) k−1 ≤ d(u, v) for any distinct u, v ∈ F ;
(b) d(u, v) ≤ C − k−1 for any u, v ∈ F with d(u, v) < C.
For every u ∈ F , since ⋃j∈N Fbj is dense in X , there exists an R(u) ∈⋃
j∈N Fbj such that d(u,R(u)) < (4k)
−1. Then for any distinct u, v ∈ F , we
have
d(R(u), R(v)) < d(u, v) + (2k)−1 ≤ 2d(u, v),
and
d(R(u), R(v)) > d(u, v)− (2k)−1 ≥ 1
2
d(u, v).
From Lemmas 4.2 and 4.3, there exist D > 0, m ∈ N and a sufficiently
large i such that R(u) ∈ Fbi for every u ∈ F , and for r, s ∈ Fbi ,
(i) d(r, s) ≥ C − (2k)−1 ⇒ δq(Ti(r), Ti(s)) ≥ D;
(ii) (2k)−1 ≤ d(r, s) < C ⇒ 2−md(r, s) pq ≤ δq(Ti(r), Ti(s)) ≤ 2md(r, s)
p
q .
We define TF : F → ℓq((Yn)n∈N, y∗) by TF (u) = Ti(R(u)) for u ∈ F .
For any u, v ∈ F with d(u, v) ≥ C, we have d(R(u), R(v)) ≥ C − (2k)−1.
Then
δq(TF (u), TF (v)) = δq(Ti(R(u)), Ti(R(v))) ≥ D.
For any distinct u, v ∈ F with d(u, v) < C, we have k−1 ≤ d(u, v) ≤
C − k−1. So (2k)−1 ≤ d(R(u), R(v)) ≤ C − (2k)−1 < C. Then
δq(TF (u), TF (u)) = δq(Ti(R(u)), Ti(R(v)))
≤ 2md(R(u), R(v)) pq
< 2m+
p
q d(u, v)
p
q ,
and
δq(TF (u), TF (u)) = δq(Ti(R(u)), Ti(R(v)))
≥ 2−md(R(u), R(v)) pq
> 2−(m+
p
q
)d(u, v)
p
q .
Thus A = 2m+
p
q and D witness that X can C-finitely Ho¨lder(p
q
) embed into
ℓq((Yn)n∈N, y
∗). 
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Theorem 4.6. Let (X, d), (Y, δ) be two separable complete metric spaces,
p, q ∈ [1,+∞), and let Y0 ⊆ Y1 ⊆ Y2 ⊆ · · · be a sequence of Borel subsets of
Y with
⋃
n∈N Yn dense in Y . If X satisfies (link(C)) for some C > 0, then
the following conditions are equivalent:
(a) X can C-finitely Ho¨lder(p
q
) embed into ℓq((Yn)n∈N, y
∗) for some y∗ ∈∏
n∈N Yn.
(b) F (X ; p) ≤B E((Yn)n∈N; q).
(c) F (X ; p) ≤B F (Y ; q).
Proof. Let F0 ⊆ F1 ⊆ F2 ⊆ · · · be a sequence of finite subsets of X with⋃
n∈N Fn dense in X .
(a)⇒(b). Since X can C-finitely Ho¨lder(p
q
) embed into ℓq((Yn)n∈N, y
∗),
we can find A,D > 0, Tn : Fn → ℓq((Yn)n∈N, y∗) such that, for u, v ∈ Fn,
(1) d(u, v) ≥ C ⇒ δq(Tn(u), Tn(v)) ≥ D;
(2) d(u, v) < C ⇒ A−1d(u, v) pq ≤ δq(Tn(u), Tn(v)) ≤ Ad(u, v)
p
q .
Then F (X ; p) ∼B E((Fn)n∈N; p) ≤B E((Yn)n∈N; q) follows from Theorem 2.3.
(b)⇒(a) follows from Theorem 4.5.
(b)⇒(c). Let (bj)j∈N, (lj)j∈N and Tj : Fbj →
∏lj+1−1
n=lj
Yn be from the
remarks before Lemma 4.2. Since every Fbj is finite, we can find finite subsets
Un ⊆ Yn for lj ≤ n < lj+1 such that Tj(u) ∈
∏lj+1−1
n=lj
Un for each u ∈ Fbj .
We can extend every Un to a finite subset Wn ⊆ Y such that Un ⊆ Wn,
W0 ⊆W1 ⊆ W2 ⊆ · · · and
⋃
n∈NWn is dense in Y .
From Lemma 4.2 with C ′ = C and Lemma 4.3 with k = 2l , we can find
D > 0, m ∈ N and a strictly increasing sequence of natural numbers (jl)l∈N
such that, for r, s ∈ F ′l Def= Fbjl , we have
(i) d(r, s) ≥ C ⇒ δq(Tjl(r), Tjl(s)) ≥ D;
(ii) 2−l ≤ d(r, s) < C ⇒ 2−md(r, s) pq ≤ δq(Tjl(r), Tjl(s)) ≤ 2md(r, s)
p
q .
Then Corollary 2.4 gives
F (X ; p) ∼B E((F ′l )l∈N; p) ≤B E((Wn)n∈N; q) ∼B F (Y ; q).
(c)⇒(b). Find a sequence of finite subsets Vn ⊆ Yn, n ∈ N such that
V0 ⊆ V1 ⊆ V2 ⊆ · · · and
⋃
n∈N Vn is dense in Y . Then we have F (X ; p) ≤B
F (Y ; q) ∼B E((Vn)n∈N; q) ≤B E((Yn)n∈N; q). 
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Corollary 4.7. Let X, Y be two separable complete metric spaces, p, q ∈
[1,+∞). If X satisfies (link(C)) for some C > 0, then the following condi-
tions are equivalent:
(a) X can C-finitely Ho¨lder(p
q
) embed into ℓq(Y, y
∗) for some y∗ ∈ Y N.
(b) F (X ; p) ≤B E(Y ; q).
(c) F (X ; p) ≤B F (Y ; q).
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